Green's functions are established tools for solving petroleum engineering ow problems. Their utility and rigor was extended to arbitrarily shaped reservoirs using the Boundary Element Method (BEM). Traditional BEMs are limited to single-phase ow in homogeneous reservoirs. Earlier authors have developed techniques to handle heterogeneity. These methods are perturbationbased and computation-intensive. The current work adapted the most recent developments in boundary element methods to reservoir engineering problems. The transient pressure (di usion) and convection-di usion equations were solved in heterogeneous media using the Dual Reciprocity Boundary Element Method (DRBEM) and the Green Element Method (GEM). Numerical experiments showed that DRBEM is more accurate than a standard nite di erence method. However like nite di erence methods, DRBEM is subject to spurious oscillation at high Peclet numbers. DRBEM also requires the solution of a dense system of equations. GEM, which is a hybrid boundary element/ nite element method, overcomes these disadvantages. The method was found to produce very accurate solutions to convection-di usion problems and only shows small oscillations in the solution at very high Peclet numbers. A further important advantage is the sparse nature of the matrix system. GEM is also amenable to solving transient nonlinear problems, which makes it the basis for a new technique for multiphase ow simulation. The current work has developed an IMPES black oil reservoir simulation technique based on GEM.
Introduction
Many areas of petroleum reservoir engineering, including ow simulation, streamline tracking, well testing and parameter estimation, require accurate solutions to the di usion and convectiondi usion equations in heterogeneous porous media. This paper explores the advantages and disadvantages of boundary element approachs to these problems. Boundary element methods can be very accurate because of their mathematically rigorous foundations. Their formulation allows singularities can be handled readily. Traditional formulations however are only applicable to single-phase problems in heterogeneous media. This paper applies the Dual Reciprocity Boundary Element Method (DRBEM) and the Green Element Method (GEM) to reservoir engineering problems and shows how heterogeneity and multiphase ow can be handled.
Green's functions are the basis of the boundary element method. The usefulness of Green's functions in solving di usion problems was demonstrated by Carslaw and Jaegar (1959) and Gringarten and Ramey (1973) , however such solutions are limited to simple geometries. Boundary element techniques extend these solutions to more complex geometries. Ligget and Liu (1977) rst applied the boundary element method to ow in porous media. Ligget and Liu (1979) extended this to transient ow.
Cheng and Ouazar (1993) presented a comprehensive review of the use of BEMs in groundwater ow including the modeling of well singularities, fractures, partially saturated ow, solute transport and stochastic problems. In the petroleum engineering literature, Masukawa and Horne (1988) , and Numbere and Tiab (1988) used the BEM for tracking streamlines. Kikani and Horne (1989) presented a convolution BEM and a Laplace space BEM which they applied to well testing problems in arbitrarily shaped reservoirs. Koh and Tiab (1993) applied the BEM to accurately describe the ow around tortuous horizontal wells, however all these formulations are all limited to homogeneous, or piecewise homogeneous, reservoirs.
Flow through hetereogeneous media using the BEM has been considered by several authors. Cheng (1984) showed how the appropriate Green's function for the di usion equation can be derived if the permeability eld satisi es the Laplace or Helmholtz equation. Lafe and Cheng (1987) proposed a perturbation based method in which the governing equation is decomposed into a Laplace equation and a sequence of Poisson equations with known right hand sides. Sato and Horne (1993a,b) extended this approach to include Pad e approximants and singularity programming to improve the rate of convergence, to handle transient ow and to improve the handling of well singularities. El Harrouni et al. (1996) presented the application of the DRBEM to groundwater ow through heterogeneous porous media. The key to their approach is a transformed form of Darcy's law. (12) where the j are initially unknown time-dependent weights. The f j are approximating functions which satisfy: r 2û j = f j (13) The number of approximating functions is N+L, where N is the number of boundary nodes, L is the number of internal nodes. Substituting this approximated right hand side into equation (12) gives:
Darcy Flow in Heterogeneous Media
The time derivative term has been replaced by the weighted sum of Laplacians of functionŝ u j . The DRBEM proceeds the same way as a standard boundary element method from here. Equation (14) is multiplied by fundamental solution u , and integrated over the domain, . Applying Green's second identity to this equation allows these integrals to be written as boundary integrals. These integrals can then be discretized into summations of integrals over boundary elements. The resulting equation is:
Hu ? Gq = (HÛ ? GQ) (15) where
In these equations node i is the node where the fundamental solution is applied and j denotes any boundary node. Further progress can be made by substituting = F ?1 @u @t =k into the above equation and de ning a new matrix, C: (19) This allows the system of equations to be solved to be rewritten as: Green Element Method GEM was proposed by Taigbenu (1994) . This is an element by element approach which has similarities to the Finite Element Method (FEM) while retaining the use of fundamental solutions and the ease of handling singularities of the BEM. The method can be applied to a wide range of problems including nonlinear ones while retaining second order accuracy. BEM couples information from every node to every other node. This produces a dense coe cient matrix. The element by element approach of GEM results in a sparse banded matrix. Taigbenu states that the computing cost of solving a problem using GEM is only 15% to 45% of that of using BEM. The following section presents the theory of Green elements for a one-dimensional problem (Onyejekwe 1995 
The relevant free space Green's function problem for this work is:
The solution to (27) 
Time is handled using a nite di erence approximation: (46) The value of can be chosen to give a fully implicit, Crank-Nicolson, or explicit scheme. This derivation is for a constant velocity eld. Non-constant velocity elds can be handled readily by weighting their nodal values using Lagrange basis functions to interpolate the nodal velocity values over the elements.
Multiphase Simulation
The current work has developed an IMPES reservoir simulation technique based on GEM. The rst step is to solve for the pressure distribution and associated velocity eld by solving: If the t depends on pressure (via the viscosity term for instance) the pressure equation is nonlinear and must be solved iteratively using the Newton-Raphson method:
The vector gives the change in the primary variable, u, and its derivative over the iteration.
The vector E is the residual calculated from the current solution. Onyejekwe (1997) demonstrates how a Jacobian can be formed for nonlinear equations. In this case the Jacobian, F , the terms corresponding to the unknown u values are: The terms corresponding to the du dx unknowns are:
Results
Steady State Pressure Di usion
The test problem used to verify the DRBEM scheme for steady state pressure di usion was a square domain with no-ow boundaries top and bottom, p = 0 at x = 0 and p = 1 at x = 1. The permeability eld which varied exponentially as: k = e ax (54) The analytical solution to this problem is:
Sato and Horne (1993) considered a = 1; 3; 5; 7. With the use of Pad e approximants the a = 5 solution required nine perturbation solutions and the a = 7 solution required 13. Using DRBEM the amount of work required to solve the problem is independent of the degree of heterogeneity, and is also signi cantly less than for Sato and Horne's perturbation approach. The boundary of the region was discretized into 40 elements. Figure 1 shows the solution to these problems using the DRBEM and a comparison to the analytical solution.
Transient Pressure Di usion
The transient pressure distribution obtained for a unit square initially at p = 0 is shown in Figure  2 . At t = 0 the end x = 1 is set to p = 1. The remaining boundary conditions are no-ow top and bottom and p = 0 at x = 0. The transient solution was derived analytically by Sato (1992) in Laplace space and has been inverted using the Stehfest (1970) algorithm.
Advection-Di usion Figure 3 shows the solution at 0.5 pore volumes injected to the advection-di usion equation in a a one-dimensional media. The initial condition is:
C(x) = 0 (56) The upstream boundary condition is:
C(x = 0) = 1:0 (57) The predicted concentration distributions from DRBEM, GEM, a nite di erence scheme and the appropriate analytical solution (Ogata and Banks, 1970) . The Peclet number for this case is 1000. Both nite di erences and DRBEM show spurious numerical oscillation while GEM gives a smooth solution. When the Peclet number is increased to 10,000 GEM does show very small oscillations. The other numerical methods give very large oscillations in this case.
Multiphase Flow
A comparison between the water production history predicted by a Green Element Method based simulator, by a commercial code and by the exact Buckley-Leverett solution is shown in Figure  4 . The relative permeabilities used are quadratic so all water saturations travel together as a piston-like shock. The gure shows that the predicted breakthrough time is the same for the GEM simulator and the commerical code. GEM predicts the subsequent water production more accurately however.
Conclusions
Two novel boundary element methods, the Dual Reciprocity Boundary Element Method and the Green Element Method, have been applied to reservoir engineering problems. Unlike previous boundary element formulations they can be applied easily to the advection-di usion equation and to multiphase ow problems in heterogeneous media. GEM has been shown to have very good stability and accuracy for advection-di usion problems at high Peclet number. GEM is also the basis for a new simulation approach. A test case using this scheme showed excellent performance on a Buckley-Leverett problem. GEM has been chosen as the basis for further work in this area because it generates a sparse matrix problem and is very amenable to solution of nonlinear equations by the Newton-Raphson method. 
